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Alex Levis, Fall 2019

1 Motivation and Spectral Theorem

In our discussion of linear models, we saw that in order to perform inference on the regression
parameters B(P), it would help to be able to characterize the distribution of quadratic forms. In
particular, we saw that

18 = B(P)|I* = e A(X)e,
where A(X) = X(XTX)72X" € R™" is symmetric, and €|X ~ N(0,021,). The motivation for
spectral decomposition was as follows: if V = [v; --- v,] € R" orthogonal (i.e., VIV = I,),
A = diag(Ag, ..., \,) diagonal, and

AX) =VAVT = ZMZ v},
then V'e|X ~ N(0,021I,) would imply

n
el A(X)e| X ~ o2 Z)\ixii(()), where X%i(O) 1 Xij(()) for all i # j.
i=1

Well, it turns out that A(X) being symmetric guarantees the existence of such a decomposition!

Theorem 1 (Spectral Theorem). Let A € R™*™ be a symmetric real matrix. Then there exist
ALy .oy Am € R (the eigenvalues of A), and an orthonormal basis vy, ..., v, € R™ of R™, such that

m
A= Z )\iUiUZ-T.
=1

Equivalently, for such A, there exists A = diag(\1,..., \yn) € R™" V€ R™™ with VIV = I,
such that

A=VAVT
The correspondence between these equivalent versions is that V = [vq -+ vp,].
Exercise 1. Let A € R™*™ be a symmetric matrix with eigenvalues A1, ..., ;. Show that

m
:ZAi.

Let A have spectral decomposition 4 = UAUT = Y"1 Nusul’, where A = diag(\y, ..., A\p) and
U = [uy -+ up] is orthogonal. Then

tr(A) = tr(UAUT) = tr(AUTU) = tr(Aly,) = tr(A Z/\

Equivalently, tr(4) = tr (370 Niugu! ) = S0 Nitr(ugu! ) = Yo7 Mtr(ul wg) = 317, A, since
1, for

ul'u; = |jui||> = - all 4.



Exercise 2. Let D = diag(dy,...,dy) € R™*™. Show that rank(D) = > 7", 1(d; # 0). That is,
the rank of a diagonal matrix is the number of its non-zero diagonal elements.

Recall that rank(D) = dim(C(D)), and for eém) the j-th canonical basis vector in R™,

C(D) = f(dlegm)7, mem { Z @i

1:d; #0

a; € R, Vi such that d; # 0}

since when d; = 0, the i-th column does not contribute to the span. Therefore,
rank(D) = dim(C(D)) = > 1(d; # 0),
i=1

as the column space is the span of the >, 1(d; # 0) linearly independent vectors.
Exercise 3. Recall from last lab that if B € R™*™ and C € R™*" is invertible, then

rank(BC) = rank(B).

Use this and the previous exercise to show that for any symmetric matrix A, its rank is equal to
the number of its non-zero eigenvalues.

Let A = UAUT be the spectral decomposition of A. Then as U and U’ are invertible,
rank(A) = rank(UAUT) = rank(UA) = rank(AUT) = rank(A).

But since A is a diagonal matrix with diagonal entries given by the eigenvalues Ay, ..., A\, of A, by
Exercise 2 we obtain rank(A) = rank(A) = Y% 1(\; # 0).

2 Matrix Square Root

Let A € R™*™. We say A is positive semi-definite if for all x € R™,
xL' Ax > 0.

We call A (strictly) positive definite if for all x € R™ with x # 0,
xT Ax > 0.

Exercise 4. Let A € R™*™ be symmetric. Show that A is positive (semi-)definite if and only if
the eigenvalues of A are all positive (non-negative).

We will show the result for positive semi-definite matrices. Let A = UAUT = >y )\7u7uLT be the
spectral decomposition of A, where U = [uj -+ u,,]. Suppose A is positive semi-definite, then for
any i € {1,...,m},

0 < ulAu; = (UTu)TAU T u; = {egm)}TAegm) =\,

as UTu; = [uTu1 uZTum]T = el(-m) Conversely, suppose A1, ..., A, > 0. Then we can see that

xTAx = 37" Ni(xTu;)? > 0, since (xTu;)? > 0.



Let now A € R™X™ be a symmetric, positive semi-definite matrix, and let A = VAV7T be its
spectral decomposition, with A = diag()\1,...,\,,) the matrix of real non-negative eigenvalues.
For such a matrix, by Exercise 4 we can define the square root of A as

AV2 = yAVRYT
where A2 = diag(v/A1, ..., vAm). As desired, we have
AVPAY? — Y AVPYTY A2y T = VAYPAY2YT = v AVT = A.

For an invertible symmetric matrix A = VAV?, by Exercise 3 we know that all eigenvalues are

non-zero, so the inverse of A must be given by A™! = VA™'VT, where A~! = diag ()\—11, e ﬁ)
Therefore when A is symmetric, positive semi-definite and invertible (thus strictly positive definite),
we can even define

A~V = yA12YT
This matrix is both the square root of A~! and the inverse of AY2. These ideas will be useful in
our study of general linear hypothesis testing in the coming weeks.

3 Fisher-Cochran Theorem

In the linear model, the sample least squares coefficients B are a linear function of the data Y, and
in the homoscedastic setting the maximum likelihood estimate of the variance 52 is a quadratic
form in Y. Under an assumption of normality for the data, we seek to understand the distribution
of linear functions and quadratic forms of multivariate normal random vectors. This is the content
of the Fisher-Cochran theorem, which we proved in class.

Theorem 2 (Fisher-Cochran). Let Z ~ AN(0, I,,,) be standard multivariate normal.

(i) Let A € R™ ™ be symmetric. Then ZTAZ ~ x2(0) if and only if A is idempotent and
rank(A) = r.

(ii) Let Aj, Ay € R™*™ be symmetric and idempotent. Then ZTA1Z I ZT A,Z if and only if
A1A2 = 0m><m-

(iii) Let A € R™*™ be symmetric and idempotent, and let B € R**™, Then ZT AZ I BZ if and
only if ABT = 0,, .

Exercise 5. Recall the classic probability theory result: if Xy,..., X, i N(u,0?), then X I S?,
where 5% = L3 | (X; — X)?. Use the (much more powerful) Fisher-Cochran theorem to prove
this fact.

Let Z; = % foralli=1,...,n,and let Z = 1 Y% | Z;. We can first center, as X = 0Z + p and
A8 =30 (Zi — Z)? — it suffices to show Z L Y7 (Z; — Z)?, where Z1,...,Zy Y N(0,1).
To that end, let Z = [Z; --- Z,)T ~ N(0,1,), and let 1,, denote a column of 1’s in R”. Then
Z=21T7Z and Y1 |(Z; — Z)* = |Z — Z1,|* = ||1Z — 1,(1]1,) 117 Z|)* = Z7(1,, — P1)Z, where
Py =1,(111,)7 117 is symmetric and idempotent. Since

(In - Pl)ln - ]-n - ]-n(]-y]’:]-n)_l]-z;]-n - ]—n - 17L — 07
Z L. 37" [(Z; — Z)? by Fisher Cochran part (iii).



Exercise 6. In proving the ‘only if’ component of part (ii) in Fisher-Cochran, we needed to argue
that if Z ~ N(0,1,,), A1, Ay € R™™ symmetric and idempotent, and Z7A;Z 1 ZT A3Z, then
A1As = 0, xm- We first said that by independence

ZT (A1 + A9)Z = Z" A\ Z 4 7 AsZ ~ X 4y) 4 rank(An) (0)-
Since A; + Ajg is symmetric, we used Fisher-Cochran (i) to deduce that A; + As is idempotent and
rank(A; + Ag) = rank(A;) + rank(As). (1)

In class, we followed a direct but tricky argument to show that A1 A, = 0. Now, we outline a linear
algebraic argument to come to the same conclusion. Take for granted the following fact: if V is a
finite-dimensional vector space, and U, W C V are linear subspaces, then

dim(U + W) = dim(U) + dim(W) — dim(U N W),
where U+ W ={u+w|ue Uwe W}
(a) Show that rank(A; + Az) < dim(C(A;) + C(Az2)). By the above fact, this will imply

rank(A; + Ag2) < rank(A;) + rank(Az) — dim(C(A;) NC(A2)).

See that C(A; +A2) € C(A1)+C(Ag), since Vo € R", (A1 +Az)x = A1z + Agx € C(A1) +C(Ag).
The result follows by taking the dimension of the two spaces.

(b) Combine (1) and (a) to compute dim(C(A;) NC(As2)).
We obtain dim(C(A1) NC(A2)) < 0, so we must have dim(C(A4;) NC(A2)) = 0. As a bonus
exercise, try showing this fact directly in the following steps: i) Vo € C(4;), x = Ajz, for
7 = 1,2; 11) Vo € C(Al + AQ), xr = (Al + Ag)x; 111) C(Al) N C(AQ) - (Al + AQ); iV) If
x € C(A1) NC(A2), then 2z = Ajz + Az = (A1 + Az)x =x,s0 £ = 0.

(c) Argue that C(A41) C N (As).

Combining (b) with the original vector space sum dimension formula gives
dim(C(A1) + C(A2)) = rank(A;) + rank(As) = rank(A; + Az) = dim(C(4; + A2)).

But since, C(A; + A2) € C(A1) +C(Az), we must have C(A; + Az) = C(A1) + C(Az). Next, let
x € C(A1), and note by this vector space equality that x € C(A; + As). As these are projection
matrices,

Az =x = (A1 + Ag)z = A1z + Ayx — Asx =0,

meaning x € N (As). Hence, C(A1) C N (Ay).

(d) Conclude that AsA; = A1 A2 = Opyxm-
For any z € R™, AyAjx = 0, since C(A1) C N (A3) by part (c). It follows that AsA; = Opysxeim,
and also A1 Ay = (A241)T =0L ... = 0y

The first version of this exercise used “C(A1) = [C(A1) NC(A2)] @ [C(A1) NC(A2)1] 7, a false state-
ment. Note that this decomposition does not hold in general. A situation where this decomposition
works is when one subspace is contained in the other — see Exercise 1 of Lab 6.
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